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Abstract
New trigonometric and rational solutions of the quantum Yang-Baxter equation (QYBE) are obtained by
applying some singular gauge transformations to the known Belavin-Drinfeld elliptic R-matrix for sl(2,C).
These solutions are shown to be related to the standard ones by the quasi-Hopf twist. We demonstrate that the
quantum algebras arising from these new R-matrices can be obtained as special limits of the Sklyanin algebra.
A representation for these algebras by the difference operators is found. The sl(N,C)-case is discussed.
1 Introduction
In [1] the equivalence between the elliptic N-particle Calogero-Moser (CM) system and the elliptic Euler-Arnold
top was demonstrated on the base of Hitchin approach to integrable systems. Within this framework the Lax
operators arise naturally as the Higgs fields associated with holomorphic bundles of different degrees over an
elliptic curve Eτ . The relation between the Lax operators has the form of a gauge transformation:
Ltopell (z, τ) = Ξ(z)L
CM
ell (z, τ) Ξ
−1(z) (1)
where the elements of the matrix Ξ(z) are expressed through theta-functions depending on the coordinates of
CM particles. The trigonometric and rational degenerations of (1) is not straightforward and careful analysis
is needed. For example, the naive trigonometric limit of (1) leads to divergent expressions because the matrix
elements of Ξ(z) are singular in this limit. In [2, 3] we overcame this difficulty by applying a singular gauge
transformation depending on τ to (1) before taking the limit:
A(τ)Ltopell (z, τ)A
−1(τ) = A(τ) Ξ(z)LCMell (z) Ξ
−1(z)A−1(τ).
As a result we obtained the Lax operator for the trigonometric top Ltop
′
trig(z) which differs from the standard
trigonometric degeneration of the elliptic Lax operator Ltoptrig(z):
Ltop
′
trig(z) = limτ→ i∞
A(τ)Ltopell (z, τ)A
−1(τ) Ltoptrig(z) = limτ→ i∞
Ltopell (z, τ)
It is well known that the quantization of phase space of the sl(2,C) top is described by the Sklyanin algebra [4].
It is the algebra with quadratic relations that follow from the Yang-Baxter ”RLL” equation with the elliptic
Belavin-Drinfeld R-matrix for sl(2,C). The general aim of this paper is to apply the method of singular gauge
transformations (developed in [3] for the classical systems) to the quantum case. For example, by means of this
approach we obtain the following rational non-dynamical R-matrix:
R˜ r(u) =

u+ 2 η
2 η
0 0 0
−u (u+ 2 η) γ
u
2 η
1 0
−u (u+ 2 η) γ 1
u
2 η
0
−uγ2 (u+ 2 η)
(
4 η2 + 2 uη + u2
)
u (u+ 2 η) γ u (u+ 2 η)γ
u+ 2 η
2 η

(2)
This R-matrix satisfies QYBE for any γ. In the case of γ = 0 we get the ordinary 6-vertex rational R-matrix.
The matrix elements of L-operator that satisfies the ”RLL” equation with R-matrix (2) obey a quadratic algebra
which can be obtained as a degeneration of Sklyanin algebra. It is well known, the quantum algebra arising
from the ”RLL” equation for the ordinary rational R-matrix (2) at γ = 0 is the Yangian Y [sl2], in this way the
rational Sklyanin algebra arising from (2) for generic γ is the one-parametric deformation of Y [sl2].
The structure of the article is as follows. In Sect. 2 we use singular gauge transformations to obtain new
trigonometric and rational solutions of QYBE. In Sect. 3 we apply this technique to L-operators. Sect.4
deals with representations of degenerate Sklyanin algebras by difference operators. In Sect 5 we show that
degenerations of the elliptic R-matrix for sl(2,C), that we have found, turn out to be related by a quasi-Hopf
twist to the standard degenerations. The sl(N,C)-case is discussed in Sect.6.
2 New solutions of QYBE via singular gauge transformations
In this section we discuss briefly the standard trigonometric and rational degenerations of the elliptic Baxter’s
R-matrix for sl(2,C). We give a definition of singular gauge transformations and use them for obtaining new
degenerations.
The elliptic R-matrix for sl(2,C) with two dimensional auxiliary space has the form:
R e(u) =
3∑
a=0
Wa (u+ η) σa ⊗ σa (3)
1
where Wa(u) = Wa(u|η, τ), a=0,...,3 are functions of a variable u (called spectral parameter) with parameters
η and τ :
Wa (u) =
θi(a) (u)
θi(a) (η)
, i(a) = a+ (−1)a.
Here θa(u) are the standard Jacoby theta-functions with characteristics and the modular parameter τ ; σa are
the Pauli matrices (σ0 is the unit matrix). For convenience we write out the explicit form of (3) in terms of the
theta-functions with half integer characteristics:
R e(u) =

θ1,1(u+η,τ)
θ1,1(η,τ)
+
θ1,0(u+η,τ)
θ1,0(η,τ)
0 0
θ0,1(u+η,τ)
θ0,1(η,τ)
−
θ0,0(u+η,τ)
θ0,0(η,τ)
0
θ1,1(u+η,τ)
θ1,1(η,τ)
−
θ1,0(u+η,τ)
θ1,0(η,τ)
θ0,1(u+η,τ)
θ0,1(η,τ)
+
θ0,0(u+η,τ)
θ0,0(η,τ)
0
0
θ0,1(u+η,τ)
θ0,1(η,τ)
+
θ0,0(u+η,τ)
θ0,0(η,τ)
θ1,1(u+η,τ)
θ1,1(η,τ)
−
θ1,0(u+η,τ)
θ1,0(η,τ)
0
θ0,1(u+η,τ)
θ0,1(η,τ)
−
θ0,0(u+η,τ)
θ0,0(η,τ)
0 0
θ1,1(u+η,τ)
θ1,1(η,τ)
+
θ1,0(u+η,τ)
θ1,0(η,τ)

The elliptic R-matrix (3) satisfies QYBE:
R e1 2(u− v)R
e
1 3(u)R
e
2 3(v) = R
e
2 3(v)R
e
1 3(u)R
e
1 2(u− v) (4)
Here R-matrix R1 2(u) acts in the tensor product C
2 ⊗ C2 ⊗ C2 as R(u) on the first and second spaces, and as
the identity operator on the third one (similarly for R1 3 and R2,3). Solutions of (4) play important role for the
construction of solvable two-dimensional statistical models [5], in the integrable systems [6] , and representation
theory [7]. Letting the modular parameter to imaginary infinity τ → i∞ we get the standard trigonometric
R-matrix:
R t(u) =
1
sin(2 pi η)

sin (pi (u+ 2 η)) 0 0 0
0 sin (pi u) sin (2 pi η) 0
0 sin (2 pi η) sin (pi u) 0
0 0 0 sin (pi (u+ 2 η))
 (5)
To get the standard rational degeneration of (5), let us substitute in (5) the constant pi by a formal variable x.
In the limit x = 0 we get:
R r(u) =
1
2 η

u+ 2 η 0 0 0
0 u 2 η 0
0 2 η u 0
0 0 0 u+ 2 η
 (6)
On the set of solutions of QYBE for sl(2,C) acts the group SL(2,C) (the gauge group). More precisely, let G
be two-dimensional matrix representing an element from SL(2,C) in the fundamental representation. We say
that R-matrix R2 is the gauge transformation of R1 by matrix G if:
R2 = AR1 A
−1, A = G1G2, G1 = G ⊗ 1, G2 = 1 ⊗ G
The matrices related by a gauge transformation are called gauge equivalent.
Let us consider the gauge transformation depending on modular parameter q = exp(2pi i τ) with the matrix:
G t =
[
q1/8 α−1/2 0
0 α1/2 q−1/8
]
(7)
If we take the trigonometric limit q = 0 after applying gauge transformation (7) to elliptic R-matrix (3) we get
the following result:
R˜ t(u) =
1
sin(2 pi η)

sin (pi (u+ 2 η)) 0 0 0
0 sin (pi u) sin (2 pi η) 0
0 sin (2 pi η) sin (pi u) 0
4α2 sin (pi u) sin (2 pi η) sin (pi (u+ 2 η)) 0 0 sin (pi (u+ 2 η))
 (8)
2
This matrix, obviously, satisfies QYBE because elliptic R-matrix (3) gauge transformed by (7) satisfies QYBE for
any q. It can be shown that R-matrix (8) is not gauge equivalent to (5), therefore it defines a new trigonometric
solution of QYBE. Moreover, this R-matrix is the one-parametric generalization of standard one (5) with the
parameter α. At the point α = 0 we get the standard trigonometric degeneration.
We note that the determinant of the matrix G t is equal to one for any value of the parameter q, i.e. for any
q this matrix belongs to the gauge group SL(2,C). This matrix, however, is singular at the point q = 0 and
this is why we obtain a new trigonometric R-matrix that is not gauge equivalent to the standard trigonometric
degeneration (5). We call gauge transformations with these properties singular. The importance of these
transformations lies in the fact that, as in the examples above, they can be used for obtaining new degenerate
solutions of QYBE.
Let us consider another example of a singular gauge transformation with the matrix:
G r =
[
xα1/2 β−1/2 0
2α1/2 β1/2 x−1 β1/2 α−1/2 x−1
]
(9)
The determinant of this matrix is equal to one for any value of the parameter x (i.e. Gr belongs to the gauge
group), but at the point x = 0 Gr becomes singular. To get a rational degeneration of (8) we should substitute
the constant pi by a formal variable x. Then, applying the gauge transformation with matrix (9) to (8) and
taking the limit x = 0 we get the following rational R-matrix:
R˜ r(u) =

u+ 2 η
2 η
0 0 0
−u (u+ 2 η)β
u
2 η
1 0
−u (u+ 2 η)β 1
u
2 η
0
−uβ2 (u+ 2 η)
(
4 η2 + 2 uη + u2
)
u (u+ 2 η)β u (u+ 2 η)β
u+ 2 η
2 η

(10)
This R-matrix is the one-parametric generalization of standard rational R-matrix (6): it satisfies QYBE for any
value of the parameter β, and at the point β = 0 coincides with (6).
We should mention that matrices of gauge transformations (7), (9) have special dependence on their pa-
rameters q and x: after applying this transformations we get finite limits at q = 0, x = 0. It imposes strict
conditions on the matrix elements of (7) and (9).
3 Quantum Lax operators
The universal elliptic L-operator with 2-dimensional auxiliary space has the form:
Le (u) =
3∑
a=0
Wa (u) Sa ⊗ σa (11)
Let us write out the explicit expression of this operator in terms of the elliptic theta-functions with half-integer
characteristics:
Le(u) =

θ1,1 (u)
2 θ1,1 (η)
S0 −
θ1,0 (u)
2 θ1,0 (η)
S3
θ0,1 (u)
2 θ0,1 (η)
S1 +
iθ0,0 (u)
2 θ0,0 (η)
S2
θ0,1 (u)
θ0,1 (2 η)
S1 −
iθ0,0 (u)
2 θ0,0 (η)
S2
θ1,1 (u)
2 θ1,1 (η)
S0 +
θ1,0 (u)
2 θ1,0 (η)
S3
 (12)
Here the operators S0, Sα α = 1, 2, 3, are the generators of Sklyanin algebra [4]. These operators obey the
conditions under which L-operator (12) satisfies so called ”RLL” equation:
Re1,2 (u− v) L
e
1(u)L
e
2(v) = L
e
2(v)L
e
1(u)R
e
1,2(u− v) (13)
where we use the following standard notations: L1(u) = L(u) ⊗ 1 and L2(u) = 1 ⊗ L(u).
Our aim is to find the form of the trigonometric and rational L-operators that satisfy the ”RLL” equation
for R-matrices (8) and (10). To find these operators we should apply gauge transformations (7) and (9) to
3
elliptic L-operator (12). A gauge transformation with matrix a G acts on Lax operators as a conjugation in the
”external” space:
L
′
(u) = GL(u)G−1 (14)
and as a change of the generators Si by new ones S
′
i in the ”internal” space:[
S
′
0 − S
′
3 S
′
1 + iS
′
2
S
′
1 − iS
′
2 S
′
0 + S
′
3
]
= G
[
S0 − S3 S1 + iS2
S1 − iS2 S0 + S3
]
G−1 (15)
Let us consider how this scheme works in the trigonometric and rational cases. The change of the generators
induced by gauge transformation (15) with matrix (7) has the form:[
St0 − S
t
3 S
t
1 + iS
t
2
St1 − iS
t
2 S
t
0 + S
t
3
]
=
[
q1/8 α−1/2 0
0 α1/2 q−1/8
] [
Se0 − S
e
3 S
e
1 + iS
e
2
Se1 − iS
e
2 S
e
0 + S
e
3
] [
q1/8 α−1/2 0
0 α1/2 q−1/8
]
or more explicitly:
S e0 = S
t
0 ,
S e3 = S
t
3
S e1 =
α
2 i
q−1/4 (S t1 + i S
t
2 ) +
1
2 i α
q1/4 (S t1 − i S
t
2 )
S e2 =
α
2
q−1/4 (S t1 + i S
t
2 ) +
1
2α
q1/4 (S t1 − i S
t
2 )
(16)
Substituting these expressions into G t L e(u) (G t)−1 and taking the limit q → 0 we get the following trigono-
metric Lax operator:
Lt(u) =
[
S t0 sin (pi u) cot (pi η)− S
t
1 sin (pi u) S
t
1 + iS
t
2
α2 (S t1 + iS
t
2 ) (cos (2 pi u)− cos (2 pi η)) + S
t
1 − iS
t
2 S
t
0 sin (pi u) cot (pi η) + S
t
1 sin (pi u)
]
(17)
This Lax operator is a one-parametric deformation of the standard trigonometric degeneration of (12). It coin-
cides with the standard trigonometric L-operator at the point α = 0.
Let us move on to the rational case. The change of the generators of the algebra induced by gauge transfor-
mation (9) has the form: [
Sr0 − S
r
3 S
r
1 + iS
r
2
Sr1 − iS
r
2 S
r
0 + S
r
3
]
=
[
xα1/2 γ−1/2 0
2α1/2 β1/2 x−1 β1/2 α−1/2 x−1
] [
St0 − S
t
3 S
t
1 + iS
t
2
St1 − iS
t
2 S
t
0 + S
t
3
] [
xα1/2 β−1/2 0
2α1/2 β1/2 x−1 β1/2 α−1/2 x−1
]−1
.
Or more explicitly:
S t0 = S
r
0
S t1 = −
(
−β2 − x4α2 + 4 β2α2
)
S r1
2 β x2α
−
(
−iβ2 + ix4α2 + 4 iβ2α2
)
S r2
2 β x2α
+ 2αS r3
S t2 =
−1/2 i
(
β2 − x4α2 + 4 β2α2
)
S r1
β x2α
−
1/2 i
(
iβ2 + ix4α2 + 4 iβ2α2
)
S r2
β x2α
+ 2 i αS r3
S t3 = −2
S r1 β
x2
−
2 i S r2 β
x2
+ Sr3
(18)
To get the rational limit, in complete analogy with the previous section, we should substitute in (17) the constant
pi by a formal variable x. Then, substituting (18) into G r Lt(u) (G r)−1 and taking the limit x = 0 we get the
following rational L-operator:
L r(u) =
[
Lr1,1 L
r
1,2
Lr2,1 L
r
2,2
]
4
where:
L r1,1 =
1
2 η
(
−S r1 η u
2 − i S r2 u
2η + i S r2 η
3 + S r1 η
3
)
β −
1
2 η
(S r3 η − S
r
0 u)
L r1,2 = 1/2S
r
1 + 1/2 i S
r
2
L r2,1 =
(
3/2 iη4Sr2 − iη
2u2Sr2 − 1/2 iu
4Sr2 − 1/2 u
4S r1 − u
2S r1 η
2 + 3/2S r1 η
4
)
β2+
(
S r2 u
2 − S r2 η
2
)
β−1/2 iS r2+1/2S
r
1
L r2,2 = 1/2
(
−S r1 η
3 + i S r2 u
2η − i S r2 η
3 + S r1 u
2η
)
β
η
+ 1/2
S r3 η + S
r
0 u
η
Let us introduce the trigonometric and rational Sklyanin algebras as algebras with four generators Sti and S
r
i
obeying relations following from the ”RLL” equations:
Rt1,2 (u− v) L
t
1(u)L
t
2(v) = L
t
2(v)L
t
1(u)R
t
1,2(u− v) (19)
Rr1,2 (u− v) L
r
1(u)L
r
2(v) = L
r
2(v)L
r
1(u)R
r
1,2(u− v) (20)
In sections 4 and 5 we study these algebras. We write out the relations for Sti and S
r
i explicitly, and find
their representations in terms of the difference operators acting on the space of meromorphic functions on one
variable.
4 Degenerate Slkyanin algebras
Sklyanin algebra [4] is the algebra with four generators S ei , i = 0, ..., 3 and the following quadratic relations:
[S ei , S
e
j ]− = i [S
e
0 , S
e
k ]+, [S
e
0 , S
e
k ]− = i Ji,j [S
e
i , S
e
j ]+, Ji,j =
Jj − Ji
Jk
; (21)
where [A,B]± = AB ±BA. A triple of indices (i, j, k) in (21) stands for any cyclic permutation of (1, 2, 3).
Structure constants Ji have the form:
J1 =
θ0,1 (2 η) θ0,1 (0)
θ0,1 (η)
2 J2 =
θ0,0 (2 η) θ0,0 (0)
θ0,0 (η)
2 J3 =
θ1,0 (2 η) θ1,0 (0)
θ1,0 (η)
2 (22)
Relations (21) was introduced by E.Slkyanin as the minimal set of conditions under which L-operator (11)
satisfies the ”RLL” equation with elliptic R-matrix (3). This algebra possesses two independent central elements
(the Casimir elements):
Ω e1 = S
e
0
2 + S e1
2 + S e2
2 + S e3
2 , Ω e2 = J1 S
e
1
2 + J2 S
e
2
2 + J3 S
e
3
2 (23)
In [4] the following representation of Sklyanin algebra in terms of the difference operators was found:
S ei =
χi(u − s η)
θ1,1 (2 u)
exp(η ∂u)−
χi(−u− s η)
θ1,1 (2 u)
exp(−η ∂u)
χ0 = θ1,1 (2 u) θ1,1 (η) , χ1 = θ0,1 (2 u) θ0,1 (η) , χ2 = θ0,0 (2 u) θ0,0 (η) , χ3 = θ1,0 (2 u) θ1,0 (η)
(24)
with standard notations exp(±η ∂u)(f) (u) = f (u± η). In this representations central elements (23) are given
by scalar operators:
Ω e1 = 4 θ
2
1,1 ( (2 s+ 1) η ) , Ω
e
2 = 4 θ1,1 ( 2 (s+ 1) η ) θ1,1 ( 2 η ) . (25)
Let us consider the degenerations of the Sklyanin algebra related to trigonometric and rational R-matrices (8)
and (10). Gauge transformation (7), as shown above, induces the transformation for the generators of Sklyanin
algebra (16). Substituting these expressions into quadratic relations (21) and expanding them in powers of q
up to the first non-trivial order, we have:
[S ti , S
t
j ]− = i [S
t
0 , S
t
k ]+,
[S t0 , S
t
1 ]− =
C2
4
[S t1 , S
t
3 ]+ +
i ( 2C1 − C2)
4
[S t2 , S
t
3 ]+
[S t0 , S
t
2 ]− = −
i (C2 + 2C1)
4
[S t1 , S
t
3 ]+ −
C2
4
[S t2 , S
t
3 ]+
[S t0 , S
t
3 ]− =
C3
2
(
S t1
2
− S t2
2
− i [S t1 , S
t
2 ]+
)
(26)
5
where the constants C1, C2 and C3 have the form:
C1 = lim
q→0
(J3,1 − J1,2) = −2
sin (pi η)
2
cos (pi η)2
(27)
C2 = lim
q→0
(J1,2 + J3,1) = −16
sin (pi η)
2
cos (2 pi η)
cos (pi η)
2 (28)
C3 = lim
q→0
J2,3
q
= 4 sin (2 pi η)
2
(29)
The algebra generated by four elements S ti , i = 0, ..., 3 with relations (26) represent a natural trigonometric
degeneration of the Sklyanin algebra, and we call it trigonometric Sklyanin algebra. This algebra possesses two
independent Casimirs:
Ω t1 = S
t
0
2
+ S t1
2
+ S t2
2
+ S t3
2
, Ω t2 = −S
t
1
2
− S t2
2
− L1 S
t
3
2
−
L3
4
(
S t1
2
− S t2
2
− i [S t1 , S
t
2 ]+
)
(30)
with the following constants:
L1 =
cos (2 pi η)
cos (pi η)2
, L3 = 48 cos (pi η)
2 − 16− 32 cos (pi η)4
Substituting the generators (24) into (16) and taking the limit q = 0 we find the following representations for
the generators of the trigonometric Sklyanin algebra:
S t0 =
− cos (pi (2 u− η − 2 sη)) + cos (pi (2 u+ η − 2 sη))
sin (2 pi u)
exp(η ∂u)+
cos (pi (η + 2 u+ 2 sη))− cos (pi (−η + 2 u+ 2 sη))
sin (2 pi u)
exp(−η ∂u)
S t1 =
1− 2 cos (2 pi η)− 2 cos (4 pi (u+ sη))
2 sin (2 pi u)
exp(−η ∂u)−
1− 2 cos (2 pi η)− 2 cos (4 pi (−u+ sη))
2 sin (2 pi u)
exp(η ∂u)
S t2 =
i (2 cos (2 pi η) + 2 cos (4 pi (u+ sη)) + 1)
2 sin (2 pi u)
exp(−η ∂u)−
i (2 cos (2 pi η) + 2 cos (4 pi (−u+ sη)) + 1)
2 sin (2 pi u)
exp(η ∂u)
S t3 = −
cos (pi (−η + 2 u+ 2 sη)) + cos (pi (η + 2 u+ 2 sη))
sin (2 pi u)
exp(−η ∂u)+
cos (pi (−η − 2 u+ 2 sη)) + cos (pi (η − 2 u+ 2 sη))
sin (2 pi u)
exp(η ∂u)
Substituting these difference operators into (30) we find that in this representation the Casimir operators have
the values:
Ω t1 = 16 (sin (η pi (1 + 2 s)) )
2
, Ω t2 = 16 sin (2 pi η (s+ 1)) sin (2 pi η s) (31)
We should note here, that the trigonometric degeneration for the Sklyanin algebra of this kind appeared for the
first time in [8]. Our approach differs from [8] by different choosing of the generators for the degenerate algebra.
To find a rational degeneration we note that gauge transformation (9) induces the transformation for the
generators of trigonometric Sklyanin algebra (18). Substituting (18) to the relations (26) and taking the limit
x = 0 (we replace everywhere the constant pi by a formal parameter x ) we get the following relations for the
6
generators of the rational Sklyanin algebra:
[S r1 , S
r
2 ]− = i [S
r
0 , S
r
3 ]+, [S
r
2 , S
r
3 ]− = i [S
r
0 , S
r
1 ]+, [S
r
3 , S
r
1 ]− = i [S
r
0 , S
r
2 ]+
[S r0 , S
r
3 , ]− = 16 i η
4 [S r1 , S
r
3 ]+ − 2 i η
2[S r2 , S
r
3 ]+ − 16 η
4
(
S r1
2 − S r2
2
)
[S r0 , S
r
2 ]− = −8 η
4 [S r2 , S
r
3 ]+ + 2
(
8 η4 − 1
)
η2 [S r1 , S
r
2 ]+ − 8 i η
4 [S r1 , S
r
3 ]+
+4 i η2
(
4 η4 − 1
)
S r1
2 − 16 i η6 S r2
2 + 4 i η2 S r3
2
[S r0 , S
r
1 ]− = −8 i η
4 [S r2 , S
r
3 ]+ + 2 i
(
8 η4 + 1
)
η2 [S r1 , S
r
2 ]+ + 8 η
2 [S r1 , S
r
3 ]+
−16 η6 S r1
2 + 4
(
4 η4 + 1
)
η2 S r2
2 − 4 η2 S r3
2
(32)
The central elements of this algebra have the form:
Ω r1 = S
r
0
2 + S r1
2 + S r2
2 + S r3
2,
Ω r2 =
(
1− 12 η4
)
S r1
2 +
(
12 η4 + 1
)
S r2
2 + S r3
2 + 12 i η4 [S r1 , S
r
2 ]+ + 2 η
2 [S r1 , S
r
3 ]+ − 2 i η
2 [S r2 , S
r
3 ]+
(33)
As well as in the trigonometric case we find the difference operators, which represent the generators of this
algebra:
S r0 =
(
−2 uη − 2 sη2
)
u
exp(−η ∂u) +
(
−2 uη + 2 sη2
)
u
exp(η ∂u)
S r1 =
(
8 s2η4 − 64 u3sη + 16 usη3 − 64 us3η3 − 96 u2s2η2 − η4 + 8 u2η2 − 16 u4 − 16 s4η4 + 1
)
4 u
exp(−η ∂u)
+
(
16 s4η4 + η4 − 64 u3sη + 16 u4 − 64 us3η3 + 96 u2s2η2 − 1− 8 s2η4 − 8 u2η2 + 16 usη3
)
4 u
exp(η ∂u)
S r2 =
(
−8 is2η4 + i+ 64 is3η3u− 16 isη3u+ 16 is4η4 + iη4 + 96 iu2s2η2 − 8 iu2η2 + 64 iu3sη + 16 iu4
)
4 u
exp(−η ∂u)
+
(
64 is3η3u+ 8 iu2η2 − 96 iu2s2η2 − 16 isη3u+ 8 is2η4 − iη4 + 64 iu3sη − 16 is4η4 − i− 16 iu4
)
4 u
exp(η ∂u)
S r3 =
(
η2 + 4 u2 + 8 usη + 4 s2η2
)
2 u
exp(−η ∂u) +
(
−4 u2 + 8 usη − η2 − 4 s2η2
)
u
exp(η ∂u)
Substituting these generators into the expressions for the central elements, we find that in this representation
they acts as scalar operators with the following eigenvalues:
Ω r1 = 16 η
2 (2 s+ 1)
2
, Ω r2 = 64 η
2s (1 + s) (34)
5 Quasi-Hopf twist
In this section we demonstrate that standard trigonometric and rational R-matrices (5) and (6) related by
the quasi-Hopf twist to non-standard degenerations (8) and (10). To show this, we construct the matrices of
quasi-Hopf twists for these cases ”by hands”.
We start from the trigonometric case. Let us consider the operator acting in C2 ⊗ C2, with the matrix:
Qt(u) =

1 0 0 0
0 1 0 0
0 0 1 0
2α2 sin (pi u) sin (2 pi η) 0 0 1
 (35)
This operator has the following properties:
Qt(u)−1 = Qt(−u), P Qt(u)P = Qt(u), (36)
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where P is the permutation operator in C2 ⊗C2. We find that trigonometric R-matrices (8) and (5) related by
this operator in the following way:
R˜t(u) = Qt(u)Rt(u)Qt(u) (37)
Using (36) we can rewrite this relation in the form of a quasi-Hopf twist:
R˜t(u− v)F t2 1(v, u) = F
t
1 2(u, v)R
t(u− v), (38)
where
F t1 2(u, v) = Q
t(u− v), F t2 1(u, v) = P F
t
1 2(u, v)P
Similarly, in the rational case, we find the following matrix:
Qr(u) =

1 0 0 0
−u β η 1 0 0
−u β η 0 1 0
−ηu3 β2 − η2 u2 β2 − 4 η3 u β2 u β h u β h 1
 . (39)
This operator has the following properties:
Qr(u)−1 = Qr(−u), P Qr(u)P = Qr(u) (40)
Using this matrix, we can relate rational R-matrices (10) and (6) in the following way:
R˜r(u) = Qr(u)Rr(u)Qr(u), (41)
Similarly to the trigonometric case, using (40) we can rewrite this equation in the form of a quasi-Hopf twist:
R˜ r(u− v)F r2 1(v, u) = F
r
1 2(u, v)R
r(u− v), (42)
where
F r1 2(u, v) = Q
r(u− v), F r2 1(u, v) = P F
r
1 2(u, v)P.
Therefore, equations (38) and (42) show that the standard and nonstandard degenerate R-matrices turn out to
be related by the quasi-Hopf twists F t1 2 and F
r
1 2.
6 sl(N,C)-case
In this section we obtain non-standard trigonometric and rational degenerations of the elliptic Belavin’s R-matrix
for sl(N,C). The elliptic R-matrix for sl(N,C) has the following form:
Re(u) =
N∑
i′ , j′=1
δ|i+j||i′+j′ |
θ(i
′
−j
′
)(u + 2 η) θ(0)(u)
θ(i
′−i)(2 η) θ(i−j
′ )(u)
Ei i′ ⊗ Ej j′ (43)
where (Ei i′ )k l = δi k δi′ l are elements of standard basis in the space of N
2 ×N2 matrices, |i| = i mod N , and
we use the following notations for the theta-functions:
θ(j)(u) =
∑
m∈Z
exp
(
pi iN τ(m +
1
2
−
j
N
)2 + 2 pi i (m+
1
2
−
j
N
)(u +
1
2
)
)
(44)
Similarly to the N = 2 case, to get the non-standard degenerations, we should apply the additional gauge
transformations before taking the corresponding limits. Given the matrices of these transformations Gt(q) and
Gr(x), we can find the nonstandard degenerations by calculating the following limits:
R˜t(u) = lim
q→0
Gt1(q)G
t
2(q)R
e(u) (Gt1(q)G
t
2(q))
−1 (45)
R˜r(u) = lim
x→0
Gr1(x)G
r
2(x)R
t(u) (Gr1(x)G
r
2(x))
−1 (46)
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The main difficulty here is to find the explicit form for the matrix elements of Gt(q) and Gr(x). This problem
was solved in our previous work [3]. We found that these matrices have the following structure:
(Gt(q))i, j = δi, j q
−(N2 (
i2
N2
− in )+
N2−1
12N ) (47)
The matrix for rational transforation Gr(x) can be presented as a product:
Gr(x) = S2 S1 (48)
where S2 is a diagonal matrix:
S2 = diag(x
b1 , xb2 , ..., xbN−1 , xbN ), bi = −
N(N − 1)
2N
+
1− (i− 1)
N
(49)
and S2 is a constant matrix (i.e. is independent of x):
(S2)i,j = ε(i 6= N)ε(j ≤ i)
(i − 1)!
(j − i)!(j − 1)!
+ ε(i = N)
N !
j!(N − j)!
(50)
Here ε(condition) is equal to 1 if the condition is true and 0 otherwise. Knowing matrices of gauge transforma-
tions (47) and (48) we can easily use modern programs such as Maple or Mathematica and formulas (45) and
(46) to compute the nonstandard trigonometric and rational R-matrices for N ≤ 15 . Here, as an example, we
present the results of these calculations for N=3. For the sl(3,C) non-standard trigonometric R-matrix we find:
R˜trig(u) =

Rt1,1 R
t
1,2 R
t
1,3
Rt2,1 R
t
2,2 R
t
2,3
Rt3,1 R
t
3,2 R
t
3,3
 (51)
where for the matrix elements we have explicitly:
Rt1,1 =
2
6664
sin (pi (u+ 2η)) 0 0
0 sin (piu) e2/3ipiη 0
0 0 sin (piu) e−2/3ipiη
3
7775R
t
1,2 =
2
6664
0 0 0
sin (2piη) e1/3ipiu 0 0
0 2 i sin (2piη) sin (piu) e2/3ipi(−u−2η) 0
3
7775
Rt1,3 =
2
664
0 0 0
0 0 0
sin (2 pi η) e−1/3 ipi u 0 0
3
775Rt2,1 =
2
6664
0 sin (2 pi η) e−1/3 ipi u 0
0 0 0
−2 i sin (2 pi η) sin (pi u) e2/3 ipi (u+2 η) 0 0
3
7775
Rt2,2 =
2
6664
sin (pi u) e−2/3 ipi η 0 0
0 sin (pi (u + 2 η)) 0
0 0 sin (pi u) e2/3 ipi η
3
7775R
t
2,3 =
2
664
0 0 0
0 0 0
0 sin (2 pi η) e1/3 ipi u 0
3
775
R
t
3,1 =
2
6664
0 0 sin (2pi η) e1/3 ipi u
2 i sin (2pi η) sin (pi u) e−2/3 ipi (u+2 η) 0 0
0 4 sin (2pi η) sin (pi u) sin (pi (u + 2 η)) e1/3 ipi (u−2 η) 0
3
7775
Rt3,2 =
2
6664
0 −2 i sin (2 pi η) sin (pi u) e2/3 ipi (u+2 η) 0
0 0 sin (2 pi η) e−1/3 ipi u
4 sin (2 pi η) sin (pi u) sin (pi (u+ 2 η)) e−1/3 ipi (u−2 η) 0 0
3
7775
Rt3,3 =
2
6664
sin (pi u) e2/3 ipi η 0 0
0 sin (pi u) e−2/3 ipi η 0
0 0 sin (pi (u+ 2 η))
3
7775
The explicit expression for the non-standard trigonometric sl(N,C) R-matrices was calculated in [9].
In the rational case we have the following R-matrix:
R˜rat(u) =

Rr1,1 R
r
1,2 R
r
1,3
Rr2,1 R
r
2,2 R
r
2,3
Rr3,1 R
r
3,2 R
r
3,3

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with the following matrix elements
Rr1,1 =
2
6664
1/2 uη + 1 0 0
−2/3 iu 1/2 uη 0
− 1627 iu
3 − 6427 iη
2u − 169 iu
2η −4/3u2 − 8/3 uη 1/2 uη
3
7775R
r
1,2 =
2
664
0 0 0
1 0 0
−4/3 u2 − 8/3 uη 2 iu 0
3
775
Rr1,3 =
2
664
0 0 0
0 0 0
1 0 0
3
775R
r
2,1 =
2
6664
2/3 iu 1 0
− 89 u
2 − 169 uη 0 0
− 3281 u
4 − 3227 u
3η − 6427 u
2η2 − 25681 uη
3 8
27 iu
3 + 329 iuη
2 + 169 iu
2η −2/3 iu
3
7775
Rr2,2 =
2
6664
1/2 uη 0 0
0 1/2 uη + 1 0
8
9 iu
3 + 3227 iη
2u+ 169 iu
2η 0 1/2 uη
3
7775R
r
2,3 =
2
664
0 0 0
0 0 0
−2/3 iu 1 0
3
775
Rr3,1 =
2
6664
16
27 iu
3 + 6427 iη
2u+ 169 iu
2η −4/3 u2 − 8/3 uη 1
− 3281 u
4 − 3227 u
3η − 6427 u
2η2 − 25681 uη
3 − 89 iu
3 − 169 iu
2η − 3227 iη
2u 2/3 iu
− 1024243 u
2η4 − 512243 u
3η3 − 128243 u
5η − 128729 u
6 − 256243 u
4η2 − 4096729 uη
5 − 3281 iu
5 + 51281 iη
4u− 6481 iu
4η + 25681 iu
2η3 827 iu
3 − 3227 iη
2u
3
7775
Rr3,2 =
2
6664
−4/3 u2 − 8/3uη −2 iu 0
− 827 iu
3 − 329 iuη
2 − 169 iu
2η 0 1
− 51281 iη
4u− 25681 iu
2η3 + 6481 iu
4η + 3281 iu
5 − 3227 u
4 − 329 u
3η − 649 u
2η2 − 25627 uη
3 4/3 u2 + 8/3 uη
3
7775
Rr3,3 =
2
6664
1/2 uη 0 0
2/3 iu 1/2 uη 0
− 827 iu
3 + 3227 iη
2u 4/3u2 + 8/3uη 1/2 uη + 1
3
7775
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